A countable dense-in-itself dense P-set  by Simon, Petr
Topology and its Applications 123 (2002) 193–198
A countable dense-in-itself dense P-set✩
Petr Simon
Department of Mathematical Logic, Charles University, Malostranské námeˇstí 25,
11800 Praha 1, Czech Republic
Received 23 September 1998
Abstract
We shall show that several rather familiar countable topological spaces are embedded as P-sets in
their ˇCech–Stone compactifications.  2002 Elsevier Science B.V. All rights reserved.
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During the Topological Colloquium in Gyula, professor A.V. Arhangel’skii asked the
author the following question: Is there a compact Hausdorff separable space X having
at least one countable, dense-in-itself, dense set H , such that for every countable family
{Uk: k ∈ ω} of open neighborhoods of the set H , H ⊆ int⋂k∈ω Uk , i.e., H is a P-set?
The present paper contains examples giving an affirmative answer to Arhangel’skii’s
question. In fact, we shall prove first that a very slight variation on a familiar Hechler
poset (see [3] or [5, Exercise (8), Chapter II]) for adding a dominating real leads easily—
via Stone duality—to the required example. Nevertheless, we preferred to give a direct
topological construction similar to that one from [2] rather than an unfriendly mixture
of partial order, Boolean and topological language, which would be a price for a proof
based on the Stone duality. Second, a family of even easier examples is obtained by a
generalization of Gω space from [2]. For the reader’s convenience and in order to make the
paper self-contained, we shall give all the necessary definitions below.
The notation used throughout the paper is the standard one. The Greek letter ω stands
for the first infinite ordinal, which is the set of all natural numbers (including zero). ωω
denotes the set of all functions from ω to ω and Mon denotes the set of all non-decreasing
✩ This research was supported by grants GAUK 6196 and GAˇCR 201/97/0216.
E-mail address: psimon@ms.mff.cuni.cz (P. Simon).
0166-8641/02/$ – see front matter  2002 Elsevier Science B.V. All rights reserved.
PII: S0166-8641(01)0 01 82 -1
194 P. Simon / Topology and its Applications 123 (2002) 193–198
functions in ωω, i.e., Mon = {f ∈ ωω: (∀n ∈ ω)f (n)  f (n + 1)}. The symbol clXM
denotes the closure of a set M contained in a topological space X.
An example from Hechler poset
Denote by Hn the set of all non-decreasing integer-valued functions defined on n:
Hn = {ϕ ∈ nω: (∀i < n− 1) ϕ(i) ϕ(i + 1)} and let H =⋃n∈ω Hn. Define a topology
on the set H by means of neighborhoods as follows. For ϕ ∈ Hn and f ∈ Mon, let
U(ϕ,f )= {ψ ∈H : ϕ ⊆ψ&(∀i ∈ domψ \ domϕ)ψ(i) f (i)}. The neighborhood basis
U(ϕ) of ϕ ∈H is the collection U(ϕ)= {U(ϕ,f ): f ∈ Mon}.
It is immediate to check that if ϕ ∈ H and f,g ∈ Mon, then for h ∈ ωω defined by
h(i)= max{f (i), g(i)} for all i ∈ ω one has h ∈ Mon and U(ϕ,h)⊆ U(ϕ,f ) ∩U(ϕ,g);
so U(ϕ) is a filter-base. Moreover, if ψ ∈ U(ϕ,f ), then U(ψ,f )⊆U(ϕ,f ), thus U(ϕ,f )
is open and so we have already defined a topology, not a general closure structure.
Let us check further properties of the space H .
The space H is Hausdorff. Indeed, let ϕ = ψ , ϕ,ψ ∈ H . If there is some i ∈ domϕ ∩
domψ with ϕ(i) = ψ(i), then for an arbitrary f ∈Mon, U(ϕ,f )∩U(ψ,f )= ∅, because
no χ ⊇ ϕ can satisfy χ ⊇ ψ , for χ(i) = ψ(i). So we may suppose, say, ψ  ϕ. Choose
an i ∈ domϕ \ domψ and define a mapping g ∈ Mon as a constant function with the value
ϕ(i)+ 1. Clearly, if f ∈Mon is arbitrary, then U(ϕ,f )∩U(ψ,g)= ∅.
Each set U(ϕ,f ) is closed. We need to show that each ψ ∈ H \ U(ϕ,f ) has a
neighborhood disjoint with U(ϕ,f ). By the above reasoning, there is such a neighborhood
if either ϕ(i) = ψ(i) for some i or ψ  ϕ. The only remaining possibility is the case
when ϕ  ψ . Since ψ /∈ U(ϕ,f ), there must exist an i ∈ domψ \ domϕ with ψ(i) <
f (i). Therefore no χ ∈ H , χ ⊇ ψ , belongs to U(ϕ,f ), which in turn implies that
U(ϕ,f )∩U(ψ,g)= ∅ for each g ∈Mon.
Consequently, the space H is regular and zero-dimensional, thus also Tychonoff. Since
H is countable, it is Lindelöf and paracompact, too.
Denote by X the space βH , the ˇCech–Stone compactification of H .
Theorem. With the above notation, the set H is a dense subset of X and if Uk (k ∈ ω) are
arbitrary open sets all containing H , then H ⊆ int⋂k∈ω Uk .
Proof. The density of H in X is obvious.
For every k ∈ ω, let Uk be an open set in X containing H . For each ϕ ∈ H , choose a
mapping fϕ,k ∈ Mon such that clX U(ϕ,fϕ,k)⊆Uk .
Let ϕ ∈ H be arbitrary. Then ϕ ∈ Hn for some n ∈ ω. Define a mapping fϕ ∈ Mon by
the following rule:
For i < n, let fϕ(i)= 0.
For i  n and a ∈ ω, define a natural number a+ as
a+ =max{fψ,k(i): k  i, ψ ∈Hj, j  i, ψ(j − 1) a
}
.
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Notice that the fact that every mapping ψ ∈ H is non-decreasing implies that the
maximum in the above formula is taken over a finite set, hence a+ is well-defined.
Next, let a(0) = a, a(r+1) = (a(r))+ for r ∈ ω. Put a = a(ϕ, i) to be the maximum of the
numbers fϕ(i − 1) and fϕ,0(i), fϕ,1(i), . . . , fϕ,i (i), and define fϕ(i)= a(i).
Denote by U the set
⋃
ϕ∈H clX U(ϕ,fϕ). Obviously, the set U is a neighborhood of H
in X. We shall show that U ⊆⋂k∈ω Uk . To this end, it is enough to prove that for an
arbitrary k ∈ ω and ϕ ∈H , clX U(ϕ,fϕ)⊆Uk .
Consider the integer n for which ϕ ∈ Hn. There are two cases to verify, the easy
one is the possibility k  n. According to the definition of the mapping fϕ , we have
fϕ(i)  fϕ,k(i) for all i  n. From the definition of the topology of H we immediately
get U(ϕ,fϕ)⊆U(ϕ,fϕ,k) and hence clX U(ϕ,fϕ)⊆ clX U(ϕ,fϕ,k)⊆Uk .
Suppose n < k. It is enough to show that there is a finite set F ⊆ H such that
U(ϕ,fϕ)⊆⋃ψ∈F U(ψ,fψ,k). Indeed, since F is finite, we have clX
⋃
ψ∈F U(ψ,fψ,k)=⋃
ψ∈F clX U(ψ,fψ,k) and since clX U(ψ,fψ,k) ⊆ Uk , the inclusion clX U(ϕ,fϕ) ⊆ Uk
follows.
The set F is the set of all ψ ∈ H such that for some j with n  j  k, ψ ∈ Hj ,
ψ(j − 1) < fϕ(k) and ϕ ⊆ ψ . Again, F is finite because all functions in H are non-
decreasing.
To show the inclusionU(ϕ,fϕ)⊆⋃ψ∈F U(ψ,fψ,k), choose an arbitrary χ ∈ U(ϕ,fϕ).
Let a and a(j) (j  k) be the numbers used during the definition of the value fϕ(k), i.e.,
a =max{fϕ(k − 1), fϕ,0(k), fϕ,1(k), . . . , fϕ,k(k)}, and fϕ(k)= a(k).
Claim. Let ψ ∈ F be such that ψ ∈ Hj for some n  j  k, fψ,k(k) a(j) and ψ ⊆ χ .
Then there is some σ ∈ F such that ψ ⊆ σ ⊆ χ and χ ∈ U(σ,fσ,k).
Notice that ϕ satisfies the assumptions of the claim. Also, Claim implies the inclusion
we need.
The claim will be proved by induction on k− j . If k − j = 0 and i ∈ domχ , then either
i < k and then χ(i) = ψ(i), or i  k and then χ(i)  fϕ(i), because χ ∈ U(ϕ,fϕ). So
χ(k) fψ,k(k) by the assumption fψ,k(k) a(k) = fϕ(k) and for i > k, fψ,k(i) fϕ(i)
simply because the mapping ψ is considered in the definition of fϕ(i). So it suffices to put
σ =ψ ; we have χ ∈ U(σ,fσ,k) as required.
Suppose k − j > 0 and suppose the claim has been proved for all ψ ∈ Hp with
0  k − p < k − j . According to the definition of U(ϕ,fϕ), if i ∈ domχ and i  k,
then χ(i)  fϕ(k). So the set {i ∈ domχ : i  j and χ(i) < fϕ(k)} is a subset of k.
Consequently, the set {i ∈ domχ : i  j and χ(i) < fψ,k(k)} is a subset of k as well.
If the last set is empty, then it will be enough to put σ = ψ . Indeed, whenever
j  i < k, i ∈ domχ , then χ(i)  fψ,k(i) and whenever i  k, then χ(i)  fϕ(i). But
fϕ(k) fψ,k(k) since fψ,k(k) a(j)  fϕ(k) and fψ,k(i) fϕ(i) for all i > k, because
ψ is taken into account when fϕ(i) is defined. So χ ∈ U(ψ,fψ,k) as required. (Notice
that there may be also a trivial reason for the set {i ∈ domχ : i  j and χ(i) < fψ,k(k)}
to be empty, namely, χ = ψ . Then, of course, χ belongs to any neighborhood of ψ , so to
U(ψ,fψ,k), too.)
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If the set {i ∈ domχ : i  j and χ(i) < fψ,k(k)} is nonempty, denote by p its maximum
and consider the mapping  = χ  (p+ 1). The inclusions ϕ ⊆  and  ⊆ χ are obvious as
well as the sharp inclusion ψ  . Since we assume fψ,k(k) a(j), we have that (p) 
a(j) and hence a(j+1) = (a(j))+  f,k(k). Notice that p+1 j +1, so a(p+1)  f,k(k).
Therefore the mapping  satisfies the assumptions of the claim. The existence of the desired
σ ∈ F follows now from the inductive assumption, because n− (p+ 1) < n− j .
This shows the claim and completes the proof of the theorem. ✷
It should be noted that our statement follows from a more general result due to Eric
K. van Douwen, which was never published by him: If X is an increasing union of a
sequence of compact sets with the inductive limit topology (i.e., U is open iff it intersects
every element of the family in an open set), then X is a P-set in βX. I feel indebted to Jan
van Mill for this information.
Remark. The commonly used definition of a dominating real poset does not refer to
monotone functions. Here we wish to convince the reader that we had a good reason for
the modification presented above.
Let Seq denote the set
⋃
n∈ω nω, denote by Ln the set nω and define a topology on
Seq in an analogy to the previous example: Let U(ϕ), the neighborhood basis at ϕ ∈ Ln,
consists of all sets U(ϕ,f ) = {ψ ∈ Seq: ϕ ⊆ ψ and (∀i ∈ domψ \ domϕ)ψ(i)  f (i)}
with f running through ωω.
The reader is requested to check that the space Seq is again a zero-dimensional
paracompact topological space. In fact, the same proof as given for H before, works. Let
Y = βSeq.
Fact. The set Seq is not a P-set in Y.
Proof. Let Kk = clY ⋃n∈ω,n>0{ϕ∈Ln: ϕ(n− 1)  k} \ Seq for k ∈ ω. Observe that the
set Kk is closed in Y and disjoint with Seq. Indeed, if f ∈ ωω is an arbitrary function with
all values bigger than k and ψ ∈ Seq, then U(ψ,f ) ∩⋃n∈ω,n>0{ϕ∈Ln: ϕ(n− 1) k} is
either empty or contains ψ only, which happens only if ψ(domψ − 1)  k. So the sets
U(ψ,f ) and
⋃
n∈ω,n>0{ϕ∈Ln: ϕ(n− 1) k} \ {ψ} are closed in Seq and disjoint. By the
normality of Seq, we have that clY U(ψ,f ) is disjoint with Kk .
However,
⋃
k∈ω Kk is dense in Y . To see this, choose n ∈ ω, ψ ∈ Ln and f ∈ ωω
arbitrarily. For every j ∈ ω define a mapping χj ∈ Ln+2 by the rule χj (n)= j , χj (n+1)=
f (n+1), χj ⊇ψ . Then the set {χj : f (n) j < ω} is an infinite subset ofU(ψ,f )∩Ln+2.
It is moreover, closed and discrete in Seq. Therefore its closure in Y is a non-empty subset
of Kk and consequently clY U(ψ,f )∩Kk = ∅.
Since ψ ∈ Seq and its neighborhood U(ψ,f ) were arbitrary, we have just showed that
Seq⊆ clY ⋃k∈ω Kk . ✷
Examples of type Gω. Let us remind another interesting family of topologies on the set
Seq. It was introduced by many authors ([1,2,4,6] to mention a few); we shall follow [2]
P. Simon / Topology and its Applications 123 (2002) 193–198 197
here. Fix for each ϕ ∈ Seq a free filter F(ϕ) on ω. A set U ⊆ Seq is open iff for every
ϕ ∈ U , the set {n ∈ ω: ϕ  n ∈ U} is a member of F(ϕ). (We use the concatenation
notation ϕ  n instead of formally better ϕ ∪ {〈domϕ,n〉}.) Of course, here we speak
about a large family of topologies, for every mapping F from Seq to the family of all free
filters on ω we have one. Call the space Gω(F) or simply Gω .
Notice that the space Gω is always zero-dimensional, dense-in-itself and paracompact.
Theorem. A set Seq is a P-set in the ˇCech–Stone compactification βGω(F) if and only if
every filter F(ϕ) (ϕ ∈ Seq) is a P-filter.
Proof. Denote by X the space βGω(F).
Suppose that each filter F(ϕ) is a P-filter. Let {Uk: k ∈ ω} be a family of open subsets
of X such that Seq⊆ Uk for every k ∈ ω. For every ϕ ∈ Seq and k ∈ ω choose an open set
U(ϕ, k) such that ϕ ∈ U(ϕ, k)⊆ clX U(ϕ, k)⊆Uk .
For ϕ ∈ Seq and k ∈ ω, let F(ϕ, k) be the set of all n ∈ ω such that for every ψ ∈ Seq,
if ψ ⊆ ϕ and ϕ ∈ ⋂ik U(ψ, i), then also ϕ  n ∈ U(ψ, i) for all i  k. We have
F(ϕ, k) ⊇ F(ϕ, k + 1) and F(ϕ, k) ∈ F(ϕ) for all k ∈ ω. The first statement is obvious
and the second one follows from the definition of the topology of Gω(F) and from the fact
both k and the number of subsets of ϕ are finite.
Since F(ϕ) is a P-filter, there is some set T (ϕ) ∈ F(ϕ) with T (ϕ) \ F(ϕ, k) finite for
every k ∈ ω. Denote by T (ϕ, k) the intersection T (ϕ)∩F(ϕ, k).
Define a neighborhood O(ϕ) in the space Gω(F) recursively as follows:
(1) ϕ ∈O(ϕ).
(2) Suppose ψ ∈O(ϕ), ψ ∈ Lj .
Then ψ  n ∈O(ϕ) if and only if n ∈ T (ψ, i), where i =max{j } ∪ {ψ(m): m< j }.
We need to show that for every k ∈ ω and every ϕ ∈ Seq, clXO(ϕ)⊆ Uk . This will be
shown in a similar way like in the first example, but the reasoning is much simpler:
Fix k and suppose ϕ ∈ Lj for j  k. Then O(ϕ)⊆ U(ϕ, k) by an immediate induction
using the fact that whenever ψ ∈ O(ϕ), then {n ∈ ω: ψ  n ∈ O(ϕ)} ⊆ T (ψ, k) ⊆ {n ∈
ω: ψ  n ∈ U(ϕ, k)}. Also, it follows from (2) that the same reasoning applies to ϕ ∈ Seq
with max{ϕ(m): m< j } k.
For the remaining j ’s we proceed by an induction down. Assume that for some j+1 k
and all ψ ∈ Lj+1 we have shown that clXO(ψ) ⊆ Uk . Choose ϕ ∈ Lj arbitrarily and
consider an open set G(ϕ) defined by: ϕ ∈G(ϕ), G(ϕ)∩Lm = {ψ ∈O(ϕ)∩Lm: ψ(j) ∈
T (ϕ, k) and ψ(j)  k} for all m > j . Apparently, G(ϕ) ⊆ U(ϕ, k). However, O(ϕ) ⊆
G(ϕ) ∪⋃{O(ϕ  n): n ∈ T (ϕ, k), n < k}. Since ϕ  n ∈ Lj+1, we conclude from the
induction assumption that clXO(ϕ)⊆Uk , which was to be shown.
For the reverse implication, let j ∈ ω and ϕ ∈ Lj are such that F(ϕ) is not a P-filter.
Thus there is a family {Fk: k ∈ ω} ⊆ F(ϕ) such that for every F ∈ F(ϕ) there is some
k ∈ ω with F \ Fk infinite.
Notice that for every k ∈ ω, the set Dk = {ϕ  n: n ∈ ω \ Fk} is closed discrete in
Gω(F). Indeed, let O be a neighborhood of ϕ such that O ∩Lj+1 = {ϕ  n: n ∈ Fk}. This
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neighborhood is disjoint with Dk . The verification that also other ψ ∈ Seq do not belong
to the closure of Dk is yet easier and we left it to the reader.
Therefore every set clX Dk \Dk is a closed subset of X \ Seq and, if Dk is infinite, it is
non-empty.
Denote by D the union
⋃
k∈ω clXDk \Dk . Let O be an arbitrary neighborhood of ϕ and
denote by F the set {n ∈ ω: ϕ  n ∈ O}. We know that F ∈ F(ϕ) and, by our choice
of the family {Fk: k ∈ ω}, there is some k with F \ Fk infinite. Therefore for this k,
O ∩Dk is infinite, thus clXO ∩D = ∅. We have found a family of open sets in X, namely
{X \ (clX Dk \Dk): k ∈ ω}, witnessing the fact that Seq is not a P-set in X and the proof is
complete. ✷
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